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Abstract. A scattering zipper is a system obtained by concatenation of scattering events with 
equal even number of incoming and out going channels. The associated scattering zipper operator 
is the unitary equivalent of Jacobi matrices with matrix entries. For infinite identical events and 
random phases, Lyapunov exponents positivity is proved and yields to the absence of absolutely 
continuous spectrum. 



1. Random scattering zippers 

1.1. Scattering zippers. An infinite scattering zipper describes consecutive scattering events 
with a fixed number 2L of incoming and out-going channels each. It is specified by a sequence 
{Sn)n£Z of unitary scattering matrices Sn in the unitary group U(2L). Then the scattering zipper 
operator acting on £^(Z,C^) is defined as 



U 



where the two unitaries V and W are given by 
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Note that the 2L x 2L blocks in V are shifted by L with respect to those of W along the diagonal. 

This model is the matrix-valued generalization of the so-called CMV matrices. Those operators 
are the unitary analog of Jacobi matrices with matrix coefficients, see |Sim2| and |Sim3| for a 
large review on that topic. CMV matrices were introduced in the first place to study orthonormal 
polynomials on the the circle. Later in |CMV) . the nice factorization in two diagonal by block 
operators we use as a definition was discovered. From the spectral point on view, CMV matrices 
are in one to one with spectral measure on the circle (Verblunsky Theorem). Matricial version 
of CMV matrices were also considered in [DPS], it corresponds to this model with all the phases 
set to 1l, where 1l is the identity matrix of order L. They do not verify a Verblunsky theorem 
analog as in scalar case, but scattering zippers do (see [MS] for details). 
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Let US now precise the assumptions we will need to make on the operator ([T]). The sequence 
{Sn}n£Z is chosen to belong to the following subset: 



(2) U(2LW = <!5=(" f)eU(2L), 



a,-f,Se Ml{C) and (3 e GLl(C) 



Invertibility of upper right entries of size Lx L of the SnS assures that the scattering is effective 
so that U does not decouple into a direct sum of two or more parts. 

In ([2]), equivalent to the condition that /3 is invertible is the condition a*a < 1l- Furthermore, 
one has the representation (see |MS| ) 

(3) U(2L)inv = {S{a, U, V) G U(2L) | a*a < 1l and U,V e U(L)} , 

where 

and 

p(a) = {lL-aa*)K p{a) = (lL-«*a)^. 

In what follows, we will simply write p and p where there is no ambiguity. The sequence of 
{o-n}n& is oftenly called the Verblunsky sequence associated to U. 

Assumption. We will assume that the Verblunsky sequence is constant, equal to some a ^ Q. 

1.2. Random scattering zippers. We will now introduce the random setting which will allow 
us to define a random version of the scattering zipper U. Let VLq = U(L) x U(L), let Bq be the 
Borelian a-algebra over U(L) x U(L) for the usual Lie group topology and let Pq = '^l <2) z^l 
where is the Haar measure on U(L). Then Pq is a probability measure on Qq. 
We now define the product probability space B, P) : 

{fl,B,F) = {{Qof, ^nezBo, (8)nezPo) • 
Let u & Q. For every n G Z, we consider the random unitary matrix Sn{u}) G U(2L)inv defined by 

Sniuj) = S{a,Un{0j),Vn{0j)), 

where {{Un{u)),Vn{u))))n& is a sequence of independent and identically distributed {i.i.d. for 
short) random variables on the probability space {Qq,Bo,Fo)- Then {Sn{uj))nez is a sequence of 
i.i.d. random matrices in U(2L)inv 

Associated to this sequence {Sn{oo))n&z, one can defined as in ([T]) the operators Y^j, W^j and 
= W^j. We call random scattering zipper the family of random operators {Uoj}u]£n- 

Notation. Denote the shift t : Q ^ Q, (r(u;))(2n) = u){2n + 2). 

The shift r is ergodic on {Q,B,F). Moreover, using r, one show that the family of random 
operators {Uuj}ujen is 2Z-ergodic. Thus, there exists S C C such that, for P-almost every u & Q, 
S = a{l]i^). There also exist Spp, Sac and Sgc, subsets of C, such that, for P-almost every 
w G fi, Spp = o"pp(U^), Sac = o"ac(U(^) and Ssc = crsd^Lj), respectively the pure point, absolutely 
continuous and singular continuous spectrum of U^. 
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1.3. Main results. Now that we have precisely defined the model we will study in this paper, 
let us state the two main results we will prove in the next sections. For the definition of the 
Lyapunov exponents associated to the random scattering zipper {U^^jajen) see Section [2J 

Theorem 1. For every z G S"*^, > 72(-2) > ■ ■ ■ > 7l(2) > 0. 

Using Theorem [H and adapting some results of Kotani's theory, one deduce the absence of 
absolutely continuous spectrum for {Uuj}ujen- 

Theorem 2. The random scattering zipper {Uuj}ujen has no absolutely continuous spectrum : 



We will actually show a more general result on the multiplicity of the absolutely continuous 
spectrum of related to the number of vanishing Lyapunov exponents (see Theorem [3]), from 
which we deduce Theorem [2l 

Let us finish this introduction by giving the outline of the article. In Section[2]we will present the 
formalism of transfer matrices for the random scattering zipper and we will define the Lyapunov 
exponents associated to these transfer matrices. We will also recall some of the first properties of 
these exponents. In Section [3] we will prove Theorem [T] by reducing it to an algebraic result on 
the Lie group generated by the transfer matrices of {U^}(^gn and then by proving this algebraic 
result. Finally, in Section |U we will prove Theorem [2] by adapting many ideas of Kotani and 
Simon which were found in |KS] to the setting of random scattering zippers. In particular we 
will characterize the multiplicity of the absolutely continuous spectrum in term of the number of 
vanishing Lyapunov exponents on a subset of full measure of the unit circle. 

Results on the positivity of the Lyapunov exponents are already known for some models of uni- 
tary band matrices (see |BHJt [HS] ). These unitary models deal with scalar coefficients compared 
to our model which deals with matrix coefficients. The positivity of the Lyapunov exponents 
for matrix-valued models is also known for matrix-valued Anderson models, both in the discrete 
and continuous settings (see [G] for the discrete case and |B] for the continuous case). For all 
these models, the positivity of the Lyapunov exponents implies absence of absolutely continuous 
spectrum through the results of Kotani's theory (see [BHJt iKSj ). 



2.1. Transfer matrices. In this section we will present the formalism of the transfer matrices 
which allows us to reduce the understanding of the asymptotic behaviour of the solutions of the 
equation = zcj) (for 2; G to the understanding of the asymptotic behaviour of a product 
of random matrices in the Lorentz group. 

Recall that the Lorentz group U(L, L) of signature (L, L) is defined to be the set of 2L x 2L 
matrices preserving the form 



2. Transfer matrices and Lyapunov exponents 



(5) 
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Let 2; G One define the transfer matrices in tlie following way (see [MSJ) : consider the 
application T{z, ■) : fl ^ U(L, L), 



with 



Definition 1. Let z E , n ^ Z and u E Q. The n-th transfer matrix associated to the operator 
is the matrix T{z,T^{u)) . 

The sequence {T{z,T'^{u)))nez is an i.i.d. sequence of random matrices in U(L,L) because of 
the i.i.d. character of the sequence (([/^(a;), K„(a;)))„gz in U(L). 

The transfer matrices are obtained directly from the matrices Sn{u}) through the following 
bijection between U(2L)inv and U(L, L) : 

U(2L)inv -> U(L,L) 

^ ■■ fa (3\ [^-5p-^a 5/3"^' 



Then we have the relation (see [MSJ): 

Vw en,yze S\ yk e z, T{z,T'^''{io)) = ip{z~^ S2k{uj)) ■ ^{S2k+i{uj)). 

To define the Lyapunov exponents in the next section, we need to remark that the transfer 
matrices T{z, ■) generate the cocycle $ on the ergodic dynamical system {Q,B,F, (t")^^^) with 
<^{z,-,-) : X Z -> U(L,L) 

( T{z,t''-^{uj)) ...T{z,uj) if n>0 

^{z,u,n) = } I2L if n = 

[ {T{z,t''{uj))-\..{T{z,t-\uj))-^ if n<0. 

Remark. For fixed 2; G and u E Q, the asymptotic behaviour of the solutions of U^j^ = z(j) is 
related to the asymptotic behaviour of the sequence (||$(z, Co',n)||)„g2 where || || is any norm on 
U{L,L). 

2.2. Lyapunov exponents. Using the cocycle $, we can now define the Lyapunov exponents 
associated to the family {Uuj}ujen- 

Proposition 1. Let z G For¥-almost every u eQ, the following limits exist : 
(6) ^(z,a;):= lim ((<l>(z, w, n))*<l>(2, n))^/=^" = lim (($(2, w, n))*$(2, w, 

n—^+oo n— >— 00 

For every k E {1, . . . , 2L}, we denote by Xk{z, u)) the eigenvalues 0/^^(2, u) arranged in decreasing 
order. Then, there exist real numbers Xk{z) > such that for F- almost every cj E fi, Xki^ZjOj) — 
Afc(z). 

Proof: This is a direct consequence of Oseledets theorem applied to the cocycle $(^, ■, ■). Indeed, 
according to |Arnt Remark 3.4.10], one can apply |Arnt Theorem 3.4.11] on C"^^ instead of M^^. 

□ 
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Notation. We denote by ^Ly^p a subset of Q such that IP(^Lyap) = 1 and, for every u G ^Ly^p 
the hmits exist and, for every k G {1, . . . , 2L}, Xk{z,u) = Xk{z). 

Proposition [1] leads to the definition of the Lyapunov exponents associated to the operator U^j. 

Definition 2. We define the 2L Lyapunov exponents associated to the family {IJ^}i_j(zq by : 

V A; G {!,..., 2L}, -ij,{z) := \og{\k{z)) . 

Using the fact that the transfer matrices lie in the group U(L, L) and thus for every n the 
matrix $(2;, cj, n) lies in this group too, we get a symmetry relation for the Lyapunov exponents : 

Vj G {0, . . . L}, l2L-j+i{z) = -lj{z). 

It implies that the Lyapunov exponents arrange by pairs of opposite real numbers : 

(7) 7i(^) > l2{z) >■■■> 1l{z) > > -7l(^) > ■ ■ ■ > -7i(^). 

Thus we will only have to consider the L first Lyapunov exponents which are positive numbers : 

71 W >l2iz) > •■■ >7l(^) >0. 

In the next section, we study the Lyapunov exponents associated to the cocycle $ and we prove 
that they are all distincts and thus, using ([7]) 71(2;), . • . ,7l(^) are all positive. 

3. POSITIVITY OF THE LYAPUNOV EXPONENTS 

3.1. Reduction of Theorem[l]to an algebraic result. This section is devoted to the proof of 
the positivity of the Lyapunov exponents of the family {Ut^}a;en- We will explain how to reduce 
the proof of Theorem [1] to an algebraic result on some subgroup of the Lie group U(L, L). 

To prove that the Lyapunov exponents are all distinct and strictly positive, we need to consider 
the Fiirstenberg group associated to U^^, which is the subgroup of U{L,L) generated by all the 
transfer matrices : 

G{z) = (supp/i^) C U(L, L) 

where /x^ is the common law of all the transfer matrices T{z, r"'(u;)), for every n & 1^. The closure 
is taken for the usual topology on U(L, L) which is the topology induced on U(L, L) by the usual 
topology on A^2l(C). 

Directly from definition and using the fact that (T{z, r"((X')))„gz is an i.i.d. sequence of random 
matrices in U(L,L), we get the following internal description of G{z) : 



= {((o%^/or)^^o(^)(o\c/V)^i|(f^o,V^o,f/i,V^i)eU(L)4)}cU(L,L). 

We will use this description of the elements of G{z) to prove in Proposition [2] that actually the 
subgroup G{z) is the whole group U(L, L). Taking in account the result of Proposition [21 we can 
prove Theorem [U 

Proof: Assuming that for every z E E>^, G{z) = \J{L,L), we can follow the strategy of |ABJ| 
Theorem 6.1]. We fix 2 G S^. By Cayley transform, the group G{z) is unitarily equivalent to the 
complex symplectic group. Indeed, if we denote by C G A^2l(C) the matrix 



6 



H. BOUMAZA AND L. MARIN 



and by J the matrix 



J 



( 



-11 
1l 



) 



we have 



U(L,L) = CSpl(C)C* 



where 



Spl(C) = {M e M2l{C)\M*JM = J}. 



Since the results of |BL] are stated for the real symplectic group, we introduce, as in |ABJ| . 
the following application which split the real and imaginery parts of the matrices in A^2l(C) 



So we have t{C*\J{L, L)C) C Sp2l(K)- With this setting, we deduce immediately from |ABJt 
Lemma 6.3] that r(C*U(L, L)C) is L2p-strongly irreducible for every p G {1, . . . , L} (for a defi- 
nition of the notion Lp-strong irreducibility, see [BLi, Definition A.IV.3.3]). Then, to adapt the 
proof of |ABJt Lemma 6.4] to our setting, we only need to perform a permutation of lines and 
columns of the matrix with 2L distinct singular values they define. More precisely, let P denote 
the permutation matrix which send, for j G {1, . . . , L}, the (L + j)-th line of the identity matrix 
of order 2L to the line 2j and, for k G {0, . . . , L — 1}, the k-th line to the line 2k + 1. Then, 
multiplying on left and on right by P the matrix they used in their proof, we obtain an element 
of U(L, L) with 2L distinct singular values. Thus t{C* ■ U(L, L) ■ C) is 2p-contracting for every 
p G {1, . . . , L} (for a definition of p-contractivity, see |BLt Definition A. IV. 1.1]). 

Now we can apply |BLt Proposition A.IV.3.4] to the group r(C*U(L, L)C) to obtain that 
all Lyapunov exponents are distincts. Since we have the inequalities ([7]), the L first Lyapunov 
exponents are strictly positive, which finishes the proof. □ 

3.2. Proof of Proposition [2], In this section, we prove the algebraic result on which the proof 
of Theorem [1] is based on. 

Proposition 2. For any z G §^ G{z) = U(L,L). 

Proof: By connexity of U(L, L), it is enough to show that the Lie algebras of G{z) and U(L, L) 
are equal. The Lie algebra associated to U(L, L) is given by 



We denote Lie{G{z)) = q{z). Now, the proof divides in numerous small Lemma. By taking in 
account Lemma [2] and Lemma O one gets that u(L, L) = ai © 02 C q{z) and thus u(L, L) = g{z) 



T 



A + iB h-^ 




Lie(U(L, L)) = u(L, L) = {T e A^2l(C) | T*C + CT = 0} 




which ends the proof. 



□ 



Lemma 1. For any {Uq, Vq) G U(L) 



^, the matrix 




) 



belongs to G{z). 
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Proof: Setting Uo = Vq = Ui = Vi = 1l, one gets Tq{z)Ti G G{z). As G{z) is a multiplicative 
group, (To(-2)Ti)~^ also belongs to G{z). Thus only setting Ui = Vi = 1l and Uo,Vo free and 
multiplying by (Tq{z)Ti)^^ yields to the statement. □ 



Lemma 2. The algebra q{z) contains ai 



A 
D 



A* = -A, D* = -D, (A, D) E MLiCy 



Proof: By previous Lemma, one has U(L) ® U(L) C G{z). Therefore this implies Lie(U(L)) 



Lie(U(L)) C Qiz). As Lie(U(L)) = {A e 7Wl(C)|A 





Lemma 3. The matrix i 
Proof: For Vq = Uq 







Therefore, M 



—A}, this implies the statement. 
^ ^J belongs to g{z). 

1l, Toiz) (^^ Ti G Giz). 

Ti = {Toiz)Ti)-'foiz) 



□ 



Vi 

u* 

Vi \ ^ ^ . 

UI) 

Now for j G |1, L\ and any t G M, picking Vi to be the matrix diag(l, . 



1 e** 1 



1) with 



e at the j-th place, and f/i = 1^, and derivating in t = yields to 



VjG[l,L],zffi 
In particular summing over j gives 







Ti G q{z). 







Ti G 0(2;) 



□ 



and the result writing Ti as block matrix. 
Lemma 4. There exists an index {jo, ko) G |1, Lp and c G C, wt/i c 7^ snc/i t/iai 

Proof: As we suppose a ^ and is invertible then p~'^a* 7^ 0. So there exists an index 
(jo, h) e |1, Lf such that {p~'^a*)Qo^ko) = c 7^ and 







koko 













ap" 



p ^a* 




cEkojo 



G 0(2;). 



□ 



Lemma 5. 02 



B 

B* 



5gMl(C) C0(z). 



Proof: It is enough to show that the elements (^yE^.- ^^0'^ j fo^' (j? ^) ^ [1; -^F? Z/ = 1 and y = z 
belong to q{z), as they form a basis of 02. From Lemma [2l the matrix (^y^^k-yEkj belongs to 
g{z) as the block yEjk — yE^j is anti-hermitian for any (j, fc) G |1, -^^p and any y E C For any 
/c G |1, Lp, k ^ kQ and any y E C one has. 







cEfcojo 





-ycEjok 



G 0(z). 
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Then, for any j G |1, Lf , Jo, 

_0 ycE,,,\ JO 
-ycEj^k I ' 



-ycEkj\ 
-ycEjk J 



e 0(2;) 



One can choose either y = 01 y = ic~^ to get all the elements of the basis of 02 except the two 
corresponding to the case j = jo,k = ko. In this case, one obtains from the same computation 
that 

^( _ o_ {y- y)cEkojo'^ 

\{y - y)cEj^ko 

Since {y — y) is purely imaginary, real linear combinations with the element given in Lemma H] 
complete the basis of the set 02. □ 

Remark 1. In case a = 0, one can show that q{z) = ai C u(L,L). This justifies our hypothesis 



4. Absence of absolutely continuous spectrum 

In this section, we will prove that Theorem [T] implies absence of absolutely continuous spectrum 
for the family {U(^}tjgn. For this purpose, we will prove an analog of the theorem of Ishii and 
Pastur on the characterization of the absolutely continuous spectrum in term of zeros of the 
Lyapunov exponents. More precisely, we will obtain a unitary version of the matrix- valued analog 
of Ishii-Pastur's theorem which was proven in |KSl Theorem 5.4]. 

We recall that for u G ^Ly^p, the operator has 2L Lyapunov exponents which can be 
regrouped by pairs of opposite real numbers : 

liiz) >■■■> 7l(2;) > > 7l+i(^) = -idz) >■■■> 12l{z) = -1i{z). 

For j G {1, . . . , L}, we set 

Zj = {2; G I there exist h, . . . , % G {1, . . . , 2L}, 'yi^{z) = ■■ ■ = 'yi^^^z) = 0}. 

We also recall that a sequence ip G {C^)^ is said to be polynomially bounded if there exist C > 
and p > 1 such that 

Wn G Z, ||y5„||c^ < C{l + \n\Y, 
where || ■ H^i. is any norm on C'^. Now we can state the first result of this section. 

Proposition 3. Let j G {1, . . . ,L} and let z G Zj be fixed. Let u G ^i,yap- Then, every subspace 

of {(p G (C-^)^ I Uuj^p = Zip, ip ^ £^(Z) ® and ip is polynomially bounded } has dimension at 
most 2j . 

Proof: We set 

^soi(^) = {ve (C^)^ I U^<^ = z^}, 

Vp{z) = {ip E Vso]_{z) I ip is polynomially bounded }, 

and 

Ve2iz) = {ipe VUz) I V e fiZ) ® C^}. 
To prove the proposition, we have to show that 

dim Vp{z) < 2j + dim Ve2{z). 
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For (p = {(pn)n&i and i}) = {i)n)n& in V^o\{z), we set 

Then, W is an antisymmetric form on V^oi(^)- Moreover, since ip is in Vso\{z), it is uniquely 
determined by (^°) and since C is non-singular, W is non-degenerate. Indeed, let ip G V"soi(-2) be 
such that, for every tp e Vso\{z)^ W{ip,'il}) = 0. Then, we apply this equality with 2L different y^'s, 
those being such that C^'l) are the 2L vectors of the canonical basis of C"^^. Writing these 2L 
relations, we obtain a Cramer system with unique solution £ (Jo) = 0. Since C is non- singular, 
we get [^°) =0 and since is uniquely determined by ( Jj ) , we get ip = 0. 

Now, since is a non-degenerate antisymmetric form on Vso\{z), if Vi and V2 are two subspaces 
of Vso\{z) such that 

(8) V^G V^i, V^G V^2, W{v,^) = 0, 
then 

(9) dim Vi + dim V2 < 2L. 

Indeed, Vi and CV2 are orthogonal for W. 

We set 

D± = {v^ G Vso\{z) I V9 decays exponentially at ± 00}. 
Since z E Zj, exactly 2j among the Lyapunov exponents vanish at z. Thus, by Oseledets theorem, 

dim D±. = L — j. 

We also have Z}_|_ fl D_ C Vp^z), so 

(10) dim (D+ + D_) = dim + dim D_ - dim (D+ n D_) >2L- 2j - dim Vi2{z) 
Moreover, if we take (f E Vp{z) and ip G + Z}_, then, by direct domination, we have 

(11) hm ( ^" Xc( )=0. 

But, one can actually show that the sequence ^( ,^^"1 )* C (^ jpt+i )) constant when we choose 

if and ip in V^oi(2;). Indeed, since \z\ = 1, T(2;, r"(a;)) G U(L, L) for every n G Z. Thus, 



VnGZ, (^:-)*£(j:-) = (T(z,r"+i(a;))(,^:;,))*£T(^,r"+i(a;))(;-J 



)* T{z, r-^\u)rCT{z, r-^\co)) ) 

n+1 J 



In particular. 

Thus, if G Vp(;z) and t/- G + iy(¥?, ^) = 0. Then, by ^ 

dim Vp(z) + dim (D+ + D_) < 2L. 
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Combining this inequahty with (fTOl) . one finally get 

dim Vp{z) < 2j + dim ^£2(2), 

which proves the proposition. □ 

We introduce the set Pbdd of all the complex numbers z of modulus 1 such that the equation 
Vi^ip = Zip admits a non-trivial polynomially bounded solution. Since our operator has band 
structure, we can use results from [BHJj . In particular, |BHJl Lemma 5.4] and [BHJ^ Corollary 
5.2] applied to our model lead to the following result. 

Proposition 4. For ^-almost every u eVL, 



fx(U^) = Pbdd = e §M 3</^ G Vv{z) \ {0}} 

and E§i\pj^^^(U(^) = 0, where E§i\pj^^^(I[Jt^) is the spectral projector on By" \ Pbdd associated to the 
unitary operator Uoj . 

With this proposition, we can finally prove the main result of this section, an Ishii-Pastur 
theorem for our model. 

Theorem 3. For every u G ^^Lyap? multiplicity of the absolutely continuous spectrum o/U^^ 
on Zj is at most 2j . 

Proof: Let u G f^Lyap- For ^ a Borelian subset of S"*^, we denote by Ej\{lJi_j) the spectral 
projection on A and by E^'^(U^) the spectral projection on the absolutely continuous part of 
a(U^) in A. 

To prove the theorem, we have to prove that 

rk E|;(U^) < 2j. 
Since by Proposition |U E§i\P|^^^(U^) = 0, we have 

= ElJnPbdd(U^) = E|JnPbddn5(U<^) + E|JnPbddn5<=(Ua;), 

where S* = G S"*^ | 3ip & Vp{z) H Vi2{z), ip 0}. If z G S", then z is an eigenvalue of U^^. Since 
there are only countably many ^^-eigenvectors for V^a, the Haar measure of S is zero. Thus, 

(13) E|;nPbddn5(U.) = and E|;(U.) = E|;np^^^,n^.(U.). 
But, since z G Zj, we can apply Proposition [3] to get directly that 

rk Ez,nPbddn5^(U.) < 2j 

which implies 

(14) rkE-;nP^^^^^.(Uj<2j. 
So, combining (I13p and fll4p . we have finally proven that 

rk E|;(U^) < 2j, 

which achieve the proof of the theorem. □ 

We recall that Ui denote the Haar measure on S^. We can deduce from Theorem [3] the following 
corollary. 

Corollary 1. If for Vi-almost every 2; G S"*^, 71(2;) > ■ ■ ■ > 7l(z) > 0, then Sac = 0- 
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Proof: If 2; G §^ is such that 'JlIz) > 0, then no Lyapunov exponent vanishes at z, which 
means that z G Zq. By Theorem [3l E^^^(l]^) = 0. Now, if A is a Borehan subset of since by 
hypothesis Ui^Zq) = 1, 

E^=(UJ = E^;^^^(U,) = 0, for P-a.e u e Q. 
It implies Sac = by definition of Sac- n 

Finally, from Corollary [1] and Theorem [1] we deduce immediately Theorem [2l 
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